Abstract. Let S k (Γ para (N )) be the space of Siegel paramodular forms of level N and weight k. Let p N and let χ be a nontrivial quadratic Dirichlet character mod p. Based on [JR2], we define a linear twisting map Tχ :
Introduction
Let k and N be positive integers and let p be a prime with p N . Let S k (Γ 0 (N )) denote the space of elliptic modular cusp forms of weight k with respect to Γ 0 (N ) ⊂ SL(2, Z) and let χ be a nontrivial quadratic Dirichlet character mod p. There is a natural twisting map T χ : S k (Γ 0 (N )) → S k (Γ 0 (N p 2 )) such that if f ∈ S k (Γ 0 (N )) then
Moreover, the Fourier expansion of the twist T χ (f ) is given by
where W (χ) = u∈(Z/pZ) × χ(u)e 2πiu/p is the Gauss sum of χ and f (z) = ∞ n=1 a n e 2πinz is the Fourier expansion of f . See, for example, [Sh] Proposition 3.64. A calculation verifies that for a prime = p, T ( )T χ = χ( )T χ T ( ) and
where f ∈ S k (Γ 0 (N )), T ( ) is the Hecke operator, and W is the Atkin-Lehner involution at as defined in Section 2.4 of [Cr] , for example. By identifying S k (Γ 0 (N )) with automorphic forms on the adèles of GL(2), it is evident that this twisting only acts on the automorphic form at the prime p. Hence the global twist is induced by a local twisting map for representations of GL(2, Q p ). In our previous work, [JR2] , we constructed an analogous local twisting map for paramodular representations of GSp(4, Q p ) with trivial central character.
In this paper, we investigate the twisting map, T χ , on the space of Siegel paramodular forms induced by the local map from [JR2] . Our main result, Theorem 3.1, proves a formula for T χ similar to, but more involved than, the formula (1) and proves commutation relations for the paramodular Hecke operators and Atkin-Lehner involution analogous to (3). Moreover, it follows from Theorem 1.2 of [JR2] that the map T χ is not zero in general. Hence, our theorem may provide a source of examples to study conjectures such as the paramodular conjecture [BK] and the paramodular Böcherer's conjecture [RT] . Finally, the formula (5) in Theorem 3.1 enables the computation of the Fourier coefficients of the twisted paramodular form T χ (F ), resulting in a formula analogous to (2). This will appear in a subsequent paper.
The paper is organized as follows. Section 2 introduces some necessary definitions and notation. In Section 3, we present and prove the main theorem. However, the proof relies on lengthy local calculations which are presented in Section 4 and the appendix [JR-a] . Note that in Section 4, GSp(4) is defined with respect to the symplectic form used in [RS] rather than the one given in Section 2. Finally in Section 5, the local results from Section 4 are translated to the setting of Section 3.
Notation
Let M be a positive integer and let χ : (Z/M Z) × → C × be a Dirichlet character. We let A denote the adeles of Q and define an associated Hecke character Q × \A × → C × , denoted by χ, as follows. Recall that A × = Q × R × >0 <∞ Z × , with the groups embedded in A × in the usual ways. In fact, the map defined by (q, r, n) → qrn defines an isomorphism of topological groups
. . .
be the prime factorization of M . We consider the composition
We denote the restriction of this composition to Z
to be the trivial character. For each finite prime p, χ is a continuous character of Z × , and χ (1 + val (M ) Z ) = 1. We define the corresponding Hecke character χ : Q × \A × → C × as the composition
We see that if a ∈ Z with (a, M ) = 1, then
We define the algebraic Q-group GSp(4) as the set of all g ∈ GL(4) such that t gJg = λ(g)J for some λ(g) ∈ GL(1) called the multiplier of g. Let GSp(4, R) + be the subgroup of g ∈ GSp(4, R) such that λ(g) > 0. The kernel of λ : GSp(4) → GL(1) is the symplectic group Sp(4). Let N and k be positive integers. We define the paramodular group of level N to be
We also define local paramodular groups. For a prime of Q and r an non-negative integer, let K para ( r ) be the paramodular subgroup of GSp(4, Q ) of level r , i.e., the subgroup of elements
Note that
with intersection in GSp(4, A).
For n a positive integer, let H n denote the Siegel upper half plane of degree n with I = i1 2n . The group GSp(4, R) + acts on H 2 via
Denote the factor of automorphy by j(h, Z) = det(CZ + D). If F : H 2 → C is a function and h ∈ GSp(4, R) + , then we define
Let Γ ⊂ GSp(4, Q) be a group commensurable with Sp(4, Z). We define S k (Γ) to be the complex vector space of functions F :
For further background see, for example, [PY] .
A Twisting Operator on Paramodular Cusp Forms
3.1. Statement of the main theorem. Let Q be a 2 × 2 symmetric matrix, and let P be an invertible 2 × 2 matrix. Then the matrices
are in GSp(4). In the following theorem, we extend the slash operator | k to formal C-linear combinations of elements of GSp(4, R) + .
Theorem 3.1. Let N and k be positive integers, p a prime with p N , and χ a nontrivial quadratic Dirichlet character mod p. Then, the local twisting map from Theorem 1.2 of [JR2] induces a linear map
If F ∈ S k (Γ para (N )), then this map is given by the formula
where
Moreover, for every prime = p we have the following commutation relations for the Hecke operators (9) and Atkin-Lehner operator (12):
,
3.2. Twisted automorphic forms. In order to present the proof of Theorem 3.1 we must explain the connection between Siegel modular forms and automorphic forms on GSp(4, A). Let k be a positive integer, and let F = {K } , where runs over the finite primes of Q, be a family of compact, open subgroups of GSp(4, Q ) such that K = GSp(4, Z ) for almost all and λ(K ) = Z × for all . To F and k we will associate a space of automorphic forms on GSp(4, A) and a space of Siegel modular forms of degree two. Set
Since λ(K ) = Z × for all finite , strong approximation for Sp(4) implies that
Let χ : A × → C × be a quadratic Hecke character, and let χ = ≤∞ χ be the decomposition of χ as a product of local characters. Then χ ∞ (R × >0 ) = 1. Also let
We define S k (K F , χ) to be the space of continuous functions Φ : GSp(4, A) → C such that (1) Φ(ρg) = Φ(g) for all ρ ∈ GSp(4, Q) and g ∈ GSp(4, A); (2) Φ(gz) = Φ(g) for all z ∈ A × and g ∈ GSp(4, A); (3) Φ(gκ ) = χ (λ(κ ))Φ(g) for all κ ∈ K , g ∈ GSp(4, A) and finite primes of Q;
For any proper parabolic subgroup P of GSp(4)
for all g ∈ GSp(4, A); here N P is the unipotent radical of P ; (6) For any g f ∈ GSp(4, A f ), the function GSp(4, R)
smooth and is annihilated by p − C , where we refer to Section 3.5 of [AS] for the definition of p − C . On the other hand, to F we associate a subgroup of Sp(4, Q) that is commensurable with GSp(4, Z),
We define S k (Γ F ) to be the complex vector space of functions F :
Lemma 3.2. Let χ, F and k be as above.
for Z ∈ H 2 with h ∈ GSp(4, R) + with h I = Z. Then F Φ is well-defined and contained in S k (Γ F ), so that there is complex linear map
Moreover, the maps (6) and (7) are inverses of each other.
Proof. To prove that Φ F is well defined, suppose that ρhκ = ρ h κ for ρ, ρ ∈ GSp(4, Q), h, h ∈ GSp(4, R) + , and κ, κ ∈ <∞ K . Comparing components, we have that ρh = ρ h ∈ GSp(4, R) + and ρκ = ρ κ ∈ GSp(4, Q ) for < ∞. Therefore ρ 0 ρ −1 ρ ∈ Γ F and we have that
This shows that Φ F is well-defined. Straightforward calculations show that the function also satisfies first four conditions in the definition of S k (K F , χ). The proofs of the fifth and sixth conditions are similar to the proofs of Lemma 5 and Lemma 7, respectively, in [AS] . Similar calculations show that
Finally, it is clear that these two maps are inverses of each other.
Lemma 3.3. Let k be a positive integer and let F 1 = {K 1 } and F 2 = {K 2 } , where runs over the finite primes of Q, be families of compact, open subgroups of GSp(4, Q ) such that K 1 = K 2 = GSp(4, Z ) for almost all and λ(K 1 ) = λ(K 2 ) = Z × for all . Let χ 1 and χ 2 be quadratic Hecke characters. Suppose that there is a linear map
given by a right translation formula at the pth place,
is given by the formula
. By the isomorphism (6) for the family F 1 with character χ 1 we have
. Using the isomorphism (7) for the family F 2 with character χ 2 , we calculate the composition F T (Φ 1 ) . Let Z ∈ H 2 and let h ∈ GSp(4, R) + be such that h I = Z. Then, using that λ(B i ) = 1, we have that
Hence,
This completes the proof.
3.3. Paramodular Hecke operators. Throughout this section, let M and k be positive integers, χ a quadratic Hecke character, and a fixed rational prime. We turn now to the paramodular family F = {K para ( val (M ) )} . We will determine the explicit relationship between the Hecke operators for Siegel paramodular forms and those for twisted automorphic forms. Let be a rational prime and define the Hecke operators T (1, 1, , ) and
and
are disjoint decompositions. We define the Atkin-Lehner involution U on S k (Γ para (M )) as follows. Choose a matrix γ ∈ Sp(4, Z) such that
Then,
normalizes Γ para (M ) and U 2 is contained in
The proof of the following lemma provides explicit forms for the representatives a i and b j from (10) and (11).
Lemma 3.4. Let M be a positive integer, let be a prime and set r = val (M ). There exist finite disjoint decompositions
such that
The explicit forms of the representatives are given in the proof.
Proof. We first consider the case when r = 0 so that K para ( r ) = GSp(4, Z ). From Section 6.1 of [RS] we have the decompositions
For r ≥ 1, we again refer to [RS] Section 6.1 to deduce the decompositions
The explicit form of these decompositions implies that we can choose representatives g i and h j such that
for i ∈ {1, . . . , D} and j ∈ {1, . . . , D }. For this, it is useful to note that Γ para (M ) contains several symmetry elements:
and in the case that r = 0, the element
i are mutually disjoint and contained in the first double coset, and the cosets Γ para (M ) 2 h −1 j are mutually disjoint and contained in the second double coset. It remains to prove that the number of disjoint cosets in the first and second double cosets are D and D , respectively. Suppose that
is a disjoint decomposition. We have already shown that d ≥ D; we need to prove that D ≥ d. We have
We claim that these cosets are disjoint. For suppose K para ( r )g i = K para ( r )g j . This implies that g i g j −1 ∈ K para ( r ). Since for any prime q with q = we have g i g j −1 ∈ K para (q valq(M ) ) as all the elements of
Let V be the C vector space of functions Φ : GSp(4, A) → C such that Φ ∈ V if and only if there exists a compact, open subgroup Γ 1 of GSp(4, Q ) such that Φ(gk) = Φ(g) for g ∈ GSp(4, A) and k ∈ Γ 1 , and Φ(gz) = Φ(g) for g ∈ GSp(4, A) and z ∈ A × . The group GSp(4, Q ) acts smoothly on V by right translation, and for this action, denoted by π, the center of GSp(4, Q ) acts trivially. Assume that χ is unramified. Then S k (K F , χ) ⊂ V (val (M )), where the last space consists of the vectors in V that are fixed by K para ( val (M ) ) as in [RS] . Let T 1,0 and T 0,1 be the local Hecke operators and u val (M ) be the local Atkin-Lehner operator acting on V (val (M )) as in [RS] . These operators preserve the subspace
Lemma 3.5. Assume that χ is unramified. Let Φ ∈ S k (K F , χ) and let F Φ ∈ S k (Γ para (M )) be the Siegel modular form corresponding to Φ under the isomorphism (7) of Lemma 3.2. Then,
Proof. Let Z ∈ H 2 and let g ∞ ∈ Sp(4, R) such that g ∞ I = Z. For the first assertion, we will use the coset representatives from Lemma 3.4. Note that from the explicit forms given in the proof, we have that g i ∈ K para (q valq(M ) ) for primes q = and λ(g i ) = for each i. We calculate
The proof of the second and third assertions are similar.
Proof of the main theorem.
Proof of Theorem 3.1. We will use Lemma 3.3, Lemma 3.5, and Corollary 5.1. Let χ 1 be the trivial Hecke character, and let χ 2 be the Hecke character corresponding to χ, as in (4). Let F 1 = {K para ( val (N ) )} and F 2 = {K para ( val (N p 4 ) )} . Let V be the C vector space of functions Φ : GSp(4, A) → C such that Φ ∈ V if and only if there exists a compact, open subgroup Γ 1 of GSp(4, Q p ) such that Φ(gk) = Φ(g) for g ∈ GSp(4, A) and k ∈ Γ 1 , and Φ(gz) = Φ(g) for g ∈ GSp(4, A) and z ∈ A × . The group GSp(4, Q p ) acts smoothly on V by right translation, and for this action π the center of GSp(4, Q p ) acts trivially. Next, the operator T χp : V (0) → V (4, χ p ) from Corollary 5.1 has the form
where c i ∈ C and B i ∈ K para ( val (N ) ) for = p and B i ∈ Sp(4, Q) for i ∈ {1, . . . , t}. The space S k (K F 1 , χ 1 ) is contained in V , and moreover one verifies that the image of the restriction T of (N p 4 ) ) given by (8) has the formula
We let T χ = T ; the formula in the statement of the theorem is a consequence of the expressions for c i and B i in Corollary 5.1. Turning to the Hecke operators and the Atkin-Lehner operator, let F ∈ S k (Γ para (N )) and let Φ ∈ S k (K F 1 , χ 1 ) with F = F Φ . Let be a rational prime with = p so that χ 1, and χ 2, are unramified. Moreover, we have that χ 1, is trivial and χ 2, ( ) = χ( ). Then, using (8) and Lemma 3.5 we have
The proofs for the other two operators are similar.
Local Calculations
Throughout this section, we will use the following notation. Let F be a nonarchimedean local field of characteristic zero, with ring of integers o and generator of the maximal ideal p of o. We let q be the number of elements of o/p and use the absolute value on F such that | | = q −1 . We use the Haar measure on the additive group F that assigns o measure 1 and the Haar measure on the multiplicative group F × that assigns o × measure 1 − q −1 . We χ be a quadratic character of
For this section only, we define GSp(4, F ) as the subgroup of all g ∈ GL(4, F ) such that t gJ g = λ(g)J for some λ(g) ∈ F × called the multiplier of g. For n a non-negative integer, we let K(p n ) be the subgroup of k ∈ GSp(4, F ) such that λ(k) ∈ o × and
Throughout this section, (π, V ) is a smooth representation of GSp(4, F ) for which the center acts trivially. If n is a non-negative integer, then V (n) is the subspace of vectors fixed by the paramodular subgroup K(p n ); also, we let V (n, χ) be the subspace of
Usually, we will write η and τ for π(η) and π(τ ), respectively. In [JR2] we constructed a twisting map,
given by
Remark 4.1. The Iwasawa decomposition asserts that GSp(4, F ) = B · GSp(4, o) where B is the Borel subgroup of upper-triangular matrices in GSp(4, F ). Hence, if v ∈ V (0) so that v is invariant under GSp(4, o), then it is possible to obtain a formula for T χ (v) involving only upper-triangular matrices. The remainder of this section will be devoted to calculating formulas for the terms (P1), (P2), (P3), (P4) involving only upper-triangular matrices. The resulting formula for T χ (v) is given in the following theorem. The proof of this theorem follows from several technical lemmas. The full proofs of these lemmas are provided in an appendix to this paper [JR-a] . In some cases, we directly provide an Iwasawa identity g = bk where g ∈ GSp(4, F ), b ∈ B, and k ∈ GSp(4, o). In many cases, we are able to obtain an appropriate Iwasawa identity by using the following formal matrix identity
Both methods will require that we decompose the domains of integration in an advantageous manner. The assumptions on the character, χ = 1, χ 2 = 1 and χ(1 + p) = 1, also play a significant role in the computations. (14) is given by the formula
Theorem 4.2. Let v ∈ V (0). Then the twisting operator
Proof. Substituting the formulas from Lemmas 4.3, 4.4, 4.5 and 4.6 we have that the twisting operator is given by the formula
For the remainder of the proof, we will simplify by combining pairs of terms and rewriting certain domains. First we combine the terms involving η 2 τ −2 .
Similarly, we combine the terms involving ητ −1 ,
the two terms involving τ −1 ,
and two of the terms that involve the η operator,
We rewrite one of the terms involving η after making the observation that if z ∈ o × − (1 + p) and f is a locally constant function on o × , then
Finally, we are able to eliminate the factor χ(−1) from all terms using an appropriate change of variables. Substituting the simplified terms into the formula for T χ (v), we obtain the result.
The proofs of the following four lemmas are provided in an appendix to this paper, [JR-a] .
Proof. See the appendix [JR-a].
Lemma 4.4. If v ∈ V (0), then we have that (P2) is given by
Proof. See the appendix [JR-a]. Proof. See the appendix [JR-a].
Formulas for Q p
In this section we will write the formula for the twisting operator (14) in the case where F = Q p and GSp(4) is written with respect to J, as given in the introduction. We use the isomorphism between GSp(4) as defined with respect to J and GSp(4) as defined with respect to J , as in Section 4, given in both directions by conjugation by the matrix
Under this isomorphism, the paramodular group K(p n ) of level p n as defined in (13) with respect to the J realization, as in Section 4, is mapped to K para (p n ). Let Corollary 5.1. Let p be a prime of Q. Let (π, V ) be a smooth representation of GSp(4, Q p ) for which the center acts trivially, and let χ be a quadratic character of Q × p of conductor p. Let v ∈ V be such that π(k)v = v for k ∈ GSp(4, Z p ). Then, the twisting map T χ : V (0) → V (4, χ) is given
